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ow: dis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The study of vesiles under ow, a model system for red blood ells (RBCs), is an essential step
in understanding various intriate dynamis exhibited by RBCs in vivo and in vitro. Quantitative
3D analyses of vesiles under ow are presented. The regions of parameters to produe tumbling
(TB), tank-treating (TT), vaillating-breathing (VB) and even Kayaking (K) modes are determined.
New qualitative features are found: (i) a signiant widening of the VB mode region in parameter
spae upon inreasing shear rate γ˙ and (ii) a striking robustness of period of TB and VB with γ˙.
Analytial support is also provided. These ndings shed new light on the dynamis of blood ow.
PACS numbers: 87.16.D- 83.50.Ha 87.17.Jj 83.80.Lz 87.19.rh
Introdution After nearly a entury of researh on
blood, understanding of the basi blood ow meha-
nisms at the ellular level (at the sale of red blood ells,
platelets, et.) is still an open issue. Blood is a omplex
uid and the desription of its ow properties esapes
the traditional Navier-Stokes law known for simple uids
(e.g. water).
To date blood ow has been desribed by means of
phenomenologial ontinuum models that require many
assumptions whih are diult both to justify and to
validate [1℄. Furthermore, the modern view of omplex
uids has highlighted the intimate oupling between the
dynamis of the mirosopi suspended entities (RBCs
in the example of blood) and the ow at the global sale
[2℄. This implies that the marosopi law of blood ow
should arry information on the mirosopi sale, suh
as the orientation of the ells, their individual and ol-
letive dynamis, their loal onentration (hematorit),
and so on. Apart from a dilute suspension where a rhe-
ologial law an be extrated analytially [3℄, a omplete
understanding of blood ow should ultimately emerge
from a numerial study.
Computational approahes are, however, hallenging
due to the free boundary harater of the RBCs (the
shape is not known a priori) whih is xed via a subtle
interplay between the loal ow and the dierent internal
modes of the RBCs (membrane bending, shear elastiity).
Under simple shear ow, RBCs exhibit tank-treading
(TT), tumbling (TB), vaillating-breathing (VB) (aka
swinging or trembling) and kayaking (K) (see movies
of the four modes [4℄). These dynamis should have an
impat on the marosopi ow. These modes are shared
both by vesiles [3, 5, 6, 7, 8, 11, 12, 13, 14, 15, 16, 17℄
(made of a pure bilayer phospholipid membrane) and
RBCs [18℄, whih, apart from having the same type of
phospholipid membrane, are endowed with a ytoskele-
ton (a ross-linked network of proteins lying underneath
the RBC membrane). A systemati analysis of these dy-
Figure 1: A typial vesile obtained by simulations. The white
line indiates the main axis diretion. The olor ode on the
vesile orresponds to the value of the loal urvature, whih
is large at the tips and low in the entral region.
namis onstitutes an essential step that is explored in
this Letter.
We onsider a model system, whih is a phospholipid
vesile (Figure 1). We thus ignore in this rst exploration
the eet of the ytoskeleton. This redution is essential
to identify the basi underlying mehanisms. .
The major results of this study are: (i) We nd that
the width of the region of parameters where the VB mode
is manifested signiantly widens upon inreasing shear
rate. This behavior was not aptured by any of the pre-
vious theories or simulations. (ii) We nd that the period
of osillation in the TT and TB regime is pratially in-
dependent of the shear rate γ˙, in marked ontrast with
a previous numerial study using multipartile ollision
dynamis [16℄. (iii) We develop an analytial theory that
aounts for these two fats. (iv) We demonstrate that
the Keller-Skalak theory (whih assumes a xed shape
for the RBCs, and is often used as a basis in experiments
and theoretial studies) is an exellent framework for TT
2and TB desription when shape deformability is negli-
gible (small γ˙ or large λ, the ratio of internal over the
external visosity). However, major deviations are re-
vealed when γ˙ is large enough and/or λ is not too large.
(v) We report on a transition between tumbling and the
kayaking phase, during whih the main axis of the vesile
rotates around an axis perpendiular to the shear plane.
Strikingly, kayaking seems to our even if the vesile is
initially fored to be in the shear plane.
The Model: The Stokes equations (experiments have
so far explored the limit of small Reynolds numbers) an
be formally solved using the Boundary Integral (BI) for-
malism (see for example [21℄) whih yields
ηmvmem(r) = ηoutvshear +
∫
memG(r− r
′
)fmem(r
′
) dr
′
+(ηin − ηout)
∫
mem vmem(r
′
).K(r− r′).nˆ(r′) dr′ (1)
where vmem(r) is the loal veloity eld at the mem-
brane, vshear = γ˙yxˆ is the externally applied Couette
ow (with γ˙ the shear rate), ηm ≡ (ηin + ηout)/2 (ηin
and ηou stand for visosities of the internal and external
uid, respetively),
∫
mem is an integration over the mem-
brane and G(r− r′) and K(r− r′) are the Green tensors
dened as:
G(x)ij =
1
8pi
(
δij
x
+
xixj
x3
)
;K(x)ijk =
3
4pi
xixjxk
x5
A vesile that is subjeted to a ow undergoes a shape
transformation that is limited by bending modes. The
reation bending fore of a vesile on the uid is given
by the Helfrih fore [22℄
fcurv(r) = −κ
[
1
2
c(r)
{
c(r)2 − 4g(r)}+∆2Dc(r)
]
nˆ(r)
(2)
where κ is the bending modulus, c(r) is the loal mean
urvature (c(r) = c1(r) + c2(r), c1 and c2 are the two
prinipal urvatures at point r of the membrane), g(r)
is the Gaussian urvature (g = c1c2), ∆2D is the (sur-
fae) Laplae-Beltrami operator on the membrane, and
nˆ is the outward unit normal vetor. The other ontribu-
tion to the membrane fore follows from loal membrane
inompressibility:
ftens(r) = T [ζ(r)c(r)nˆ(r) +∇2Dζ(r)]
where ∇2D is the surfae gradient operator and ζ(r) is
a loal dimensionless Lagrange multiplier that enfores
membrane inextensibility (the onstant T has a dimen-
sion of energy per unit surfae). Loal membrane inex-
tensibility sets severe limitations on the numeris, both
on the time step and the preision of the results. Care-
lessness (for example, imposing a small enough toler-
ane of a few % on area) may indue spurious results.
The sheme used in this study ensures an area variation
lower than 5.10−4%. The preise numerial analysis is
a formidable task and tehnial details will be reported
elsewhere. Instead, we fous here on the major outomes.
Results: The phase diagram of various dynamis (TT,
TB and VB) of a vesile and RBC in a Couette ow re-
ently motivated a large number of theoretial and ex-
perimental studies [3, 15, 16, 19, 20℄. This is the rst
fous of our study. Let us introdue appropriate dimen-
sionless numbers. Shape deformability an be measured
by the dimensionless number
Cκ =
ηoutγR
3
κ
where R is the typial size of the vesile. Vesiles exhibit
various equilibrium shapes (i.e., in the absene of ow)
[23℄, depending on their redued volume τ = 6
√
piV/S3/2,
where S is the area of the membrane and V the inter-
nal volume. τ is the seond dimensionless parameter.
For τ > 0.652, the shape is prolate (one long revolu-
tion axis) [23℄. In the range 0.591 < τ < 0.652, the
shape is oblate (one small revolution axis; the shape is
bionave, known also for RBCs). We found that, for
Cκ ≥ 1 (whih is quite easily reahable experimentally),
the oblate branh is suppressed in a Couette ow so that
only prolate shapes prevail (see Fig.1). The last dimen-
sionless parameter is λ = ηin/ηout. While our study
an be performed at dierent τ , we will onsider a re-
dued volume lose enough to unity. This will allow us
to ompare the theoretial approahes onsidering the
quasi-spherial limit [12, 14, 15, 16, 17℄. We have ho-
sen the value τ = 0.95 and have explored the eets of
the two other parameters Cκ and λ. The resulting phase
diagram is represented in Fig.2.
A rst important feature found here is that the bound-
aries of the phase diagram are strongly underestimated
in previous analytial theories [15, 17℄. For example, for
Cκ ≃ 0.1, the bifuration from TT to TB ours here for
λ ≃ 8, while analytial theories predited λ ≃ 4 (Fig.2).
This is astonishing beause deviation from a sphere is
only about 5% and a perturbative sheme is expeted to
make sense. Thus, we have attempted to understand this
peuliar behavior by revising previous analytial theories.
The key ingredient is that the next order terms in an ex-
pansion in powers of exess area (relative to a sphere) are
deisive, however small the deviation from a sphere. We
have identied the fat that this is the result of a singular
behavior of the expansion sheme. Details of the analyt-
ial theory will be given elsewhere [24℄. The outome of
this analytial theory is presented in Figure 2, revealing
exellent agreement with the full numerial simulation.
Previous analytial [3, 15℄ as well as numerial alu-
lations [16℄ (based on dissipative partile dynamis) and
experiments [19℄ reported that the band of existene of
the VB mode saturates with Cκ above a value of the or-
der of Cκ ∼ 0.5. This is in good agreement with the
present numerial study as long as 0.5 < Cκ < 2. Be-
yond a value of the order of Cκ = 2, the VB band exhibits
a sudden ample widening as shown in Fig. 2. This ef-
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Figure 2: Phase diagram for τ = 0.95. The symbols orre-
spond to numerial results and the solid line to the analytial.
The Flow alignment states orrespond to a VB mode with a
very small amplitude (see Fig.5). These states are thus inter-
mediate between VB and TT. The K phase is visible at the
upper right orner of the diagram.
fet highlights the nontrivial harater of dynamis due
to shape deformation. A areful theoretial analysis of
this phenomenon has led us to the disovery that not
only is the fourth order harmoni strongly oupled to
the seond one, but it also aquires strong ativity on
inreasing Cκ. This mode, whih is damped at low de-
formability, beomes ative (i.e. it is exited) at larger
deformability (larger Cκ). As a onsequene, the VB
regime is promoted further and further, leading to the
VB band widening. We have found that this peuliar
behavior is aptured by the new theory that implements
fourth order harmonis [24℄.
Let us now analyze the behavior of the tumbling angle
θ(t). It is onvenient to represent a phase portrait in the
plane (θ˙, θ). This will also allow us to shed light on the
limit of appliability of the KS theory, whih is often used
as a basis in experiments [11, 13℄ and in numerial simula-
tions [16℄. We nd that, for Cκ → 0 (we hoose Cκ = 0.1
as an example), the simple relation θ˙/γ = A+B cos(2θ)
predited by the KS theory is in exellent agreement with
the BI simulations.
At larger deformabilities, the situation is more om-
plex and requires a areful analysis. We rst fous on the
value λ = 20. The result is reported in Fig.3 (shifted by
+0.5 upward for larity). All data for 1 < Cκ < 10 are
nearly superimposed, reeting a good agreement with
the KS theory even though, for Cκ ≥ 5, the vesile is
atually kayaking [15℄. θ(t) represents in this ase the
tumbling of the projetion of the main axis in the shear
plane. In ontrast, at smaller values of λ, (λ = 16 in
Fig.3), major deviations from the KS theory are man-
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Figure 3: θ˙ as a funtion of θ for λ = 16, λ = 20 (shifted
upwards by +0.5), for various Cκ. The dashed line or-
responds to the KS theory. The full blak line is a t of
the data points forλ = 16 and Cκ = 8 with the fun-
tion A + B cos(2θ) + C cos(4θ) (A = 0.543, B = 0.462 and
C = 0.049), showing that higher harmonis play an impor-
tant role at large deformabilities.
ifested. In partiular, we observe the exitation of the
fourth order harmoni, represented by cos(4θ) in the g-
ure when Ck is inreased up to 8. Note that, for Cκ = 10
,other higher order harmonis are exited as well, whih
is a preursor to the TB-VB or the TB-K bifuration.
We have analyzed several other physial quantities,
suh as evolution and possible exhanges of the two main
axes lying in the shear plane, but we shall fous only on
the behavior of the period (saled by the shear rate) in
this brief exploration. The results are shown in Fig.4.
A remarkable fat is the quasi-robust harater of the
resaled period as a funtion of the deformation regard-
less of the dynamial mode (TB, VB or K) (only minor
variations by few % are manifested over a range of a
deade in shear rate). This nding is not intuitive in as
muh as deformation (at large enough Cκ) plays an es-
sential role (strong deviation from the KS theory). This
result runs ontrary to a previous numerial analysis [16℄
based on dissipative partile dynamis. The ratio of their
period variation and ours attains a fator 100. We do not
have an explanation about the origin of this major dis-
repany. We have heked, in light of the new analytial
theory, that the same quasi-independene on Cκ is also
manifested.
Finally, it is worth emphasizing that the transient dy-
namial regime an prove to be very slow, espeially at
large values of Cκ. It is neessary to asertain the es-
tablishment of a given regime on the sale of the longest
time. For large enough λ, the appropriate (slow) time
sale is τκ = ηinR
3/κ; motion is limited by the more
visous internal uid. For Cκ = 10, this may typially
represent a hundred yles in the TB regime. Thus, it is
neessary to make use of appropriate and stable numeri-
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Figure 4: Resaled tumbling period for τ = 0.95 as a funtion
of the deformability Cκ for λ = 11, 16 and 20.
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Figure 5: Long time relaxation of the vesile lose to the
TT-VB line. The insert shows a log plot of the vaillation
amplitude.
al shemes. Details will be published elsewhere. Here, it
sues to provide an illustration exhibiting the slow re-
laxation (Fig.5). The VB amplitude lose to the TT-VB
line (λ = 9, Cκ = 8) is shown. We nd an exponential
relaxation of the VB amplitude (the insert of Fig.5 pro-
vides a log plot of the amplitude). The vesile reahes
its steady state only after a harateristi time of about
30ηinR
3/κ, orresponding to 125 osillations. The same
feature is observed for the TB-K transition.
Conlusion: We have reported on a quantitative numer-
ial analysis in three dimensions that led us to identify
new features of vesile dynamis, whih were not revealed
in prior analytial, numerial, or experimental studies.
A theory has allowed us to unearth a subtle role played
by higher order terms. The theoretial results agree re-
markably well with the numerial ones. This work is a
rst essential step toward a systemati study of RBC dy-
namis and blood rheology. An obvious limitation of our
work is the absene of shear elastiity assoiated with
the ytoskeleton. An analysis that inludes this fator
onstitutes the next natural step.
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